Spatiotemporal buildup of the Kondo screening cloud by Medvedyeva, M. et al.
Spatiotemporal buildup of the Kondo screening cloud
M. Medvedyeva
Department of Physics, Georg-August-Universitaet Goettingen,
Friedrich-Hund-Platz 1, 37077 Goettingen, Germany
A. Hoffmann
Department of Physics, Arnold Sommerfeld Center for Theoretical Physics,
Ludwig-Maximilians-Universitaet, Theresienstrasse 37, 80333 Muenchen, Germany
S. Kehrein
Department of Physics, Georg-August-Universitaet Goettingen,
Friedrich-Hund-Platz 1, 37077 Goettingen, Germany
We investigate how the Kondo screening cloud builds up as a function of space and time. Starting
from an impurity spin decoupled from the conduction band, the Kondo coupling is switched on at
time t = 0. We work at the Toulouse point where one can obtain exact analytical results for the
ensuing spin dynamics at both zero and nonzero temperature T . For t > 0 the Kondo screening
cloud starts building up in the wake of the impurity spin being transported to infinity. In this
buildup process the impurity spin–conduction band spin susceptibility shows a sharp light cone due
to causality, while the corresponding correlation function has a tail outside the light cone. At T = 0
this tail has a power law decay as a function of distance from the impurity, which we interpret as
due to initial entanglement in the Fermi sea.
I. INTRODUCTION
The world around us is essentially a non-equilibrium
system. There is still a lot to understand on how excited
systems evolve with time. For example, how do infor-
mation and correlations spread in a non-equilibrium sys-
tem? Perhaps the easiest setup to consider is a quantum
quench1: One prepares a system in the ground state of
some Hamiltonian, and then suddenly changes the Hamil-
tonian so that the initial state is no longer an eigenstate.
Therefore the time evolution of the system becomes non-
trivial. One aspect of this time evolution is that initially
unentangled parts of the system can become entangled.
From the semiclassical point of view this entanglement
propagates via quasiparticles.2 For example, a pertur-
bation acting at one point of the system leads to exci-
tation of quasiparticles. These propagate to neighboring
regions, perturb the system locally, and excite new quasi-
particles which carry the information about the initial
perturbation further and further. If we assume a finite
speed of the quasiparticles, the propagation of the infor-
mation can be described by an effective light cone – the
information about the excitation has reached the points
inside the light cone, but not outside.
Historically, effective light cones in the dynamics of
non-relativistic quantum many-body systems were first
investigated in the context of quantum spin chains by
Lieb and Robinson.3 They proved rigorously that certain
commutators have a structure akin to relativistic field
theory in the sense that they decay exponentially outside
the light cone. Due to the importance of understanding
the spread of entanglement in quantum information pro-
cessing and efficient numerical simulation methods, a lot
of theoretical work has since then been done to gener-
alize the original work by Lieb and Robinson to other
situations and more general questions.4–7 Numerically,
the light cone effect has been seen in a number of lattice
models.8,9 Recently, it was also observed experimentally
after a quench in a cold atomic gas with very good agree-
ment with theoretical results.10
In our paper we present the analytical study of the
light cone effect in an exactly solvable model, namely
the Kondo model at the Toulouse point. Specifically,
we consider a Kondo impurity coupled to the conduc-
tion band electrons at time t = 0. It is well known
that the impurity spin degree of freedom is screened in
equilibrium by a Kondo screening cloud of conduction
band electrons, which leads to a Kondo singlet ground
state.11 This Kondo screening has been the subject of
intensive research over many years, both experimentally
and theoretically.12 In our non-equilibrium setup we are
interested in how this Kondo screening builds up as a
function of space and time starting from an unentangled
state at t = 0
|ψNEQ〉 = | ↑〉 ⊗ |FS〉 , (1)
where |FS〉 is the non-interacting Fermi gas. Among
other results, we will see how the initial impurity spin
is transported to infinity in order to asymptotically ob-
tain a Kondo singlet ground state.
Technically, the calculation proceeds by an exact map-
ping of the Kondo model at the Toulouse point to a
quadratic Hamiltonian using bosonization and refermion-
ization.13–15 The properties of the Kondo model at the
Toulouse limit represent well the general properties at the
strongly coupled fixed point,16 even though the Toulouse
limit corresponds to an anisotropic Kondo model. The
generic behavior was shown in Ref. 17 – the equilib-
rium spin correlations functions in the isotropic and
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2anisotropic Kondo models are quite similar depending on
the anisotropy parameter. The quadratic model at the
Toulouse point is simply a resonant level model, which
is effectively relativistic with the Fermi velocity corre-
sponding to the speed of light since the conduction band
Hamiltonian is linearized around the Fermi energy yield-
ing a linear dispersion of the electrons in the conduction
band. We derive the time-dependence of the creation and
annihilation operators of the electrons and the impurity
spin. This gives us a straightforward way to calculate the
time and spatial dependence of the correlation functions
for our quench setup. We will see that the commutator
of two spins is zero outside the effective light cone, as it
should be from causality considerations. On the other
hand, the equal time correlations corresponding to the
anticommutator exhibit a light cone with a non-zero tail
outside the light cone, which decays with a power law
at zero temperature. Similar calculations were done in
Ref. 13, but without time-dependence. Related observa-
tions about the propagation of excitations were obtained
in Ref. 18 in the context of information spread in a sys-
tem of two qubits coupled via a conduction line.
We conclude with a discussion how our work is con-
nected to Lieb-Robinson bounds and discuss possible fu-
ture directions of work.
II. MODEL AND FORMALISM
The presence of a localized spin-1/2 degree of free-
dom coupled to the conduction band gives rise to the
Kondo effect – the formation of the Kondo screening
cloud around the unpaired spin, which screens the im-
purity spin.11
This behavior can be derived from the Anderson impu-
rity model under the assumption that an unoccupied or
doubly occupied impurity orbital is not energetically fa-
vorable. This assumption leads to the three-dimensional
Kondo Hamiltonian
H =
∑
k,σ
(~k) f†~kσf~kσ +
∑
i=x,y,z
JiSis
el
i (~r = 0), (2)
where f†~kσ and f~kσ are creation and annihilation oper-
ators of the conduction band electrons. ~sel(~r = 0) is
the spin of the conduction band electron localized at the
origin, ~S is the quantum impurity spin and ~J the cou-
pling between the impurity and conduction band electron
spins. It can be anisotropic: ~J = (J⊥, J⊥, J‖). The dis-
persion relation of the conduction band electrons is as-
sumed to be linear: (~k) = ~vF (k−kF ), which is valid for
low-energy excitations. For the convenience of the calcu-
lations we put kF = 0 and ~ = vF = 1. Then energy and
momentum are measured in the same units, and space
and time also have the same units.
The interaction in this Hamiltonian is point-like, so
only s-wave scattering can occur. Therefore the model
can be reduced to an effective one-dimensional model.19
We will use an “unfolded” picture20 where outgoing
waves correspond to x > 0 and incoming waves to x < 0.
To simplify further considerations, one can use
bosonization and refermionization for this effective
model.14 At the special value of the coupling strength
J‖ = 2−
√
2 the Sz-s
el
z interaction term between the con-
duction band electrons and the impurity spin vanishes
and the model is reduced to a quadratic Hamiltonian:15,21
H =
∑
k
k : c†kck : +
∑
k
V (d†ck + c
†
kd). (3)
This is called the Toulouse limit.22 The hybridization V
between the fermionic operators ck and the impurity op-
erator d is proportional to the coupling strength J⊥. The
fermionic creation and annihilation operators c†k, ck cor-
respond to soliton spin excitations in the original conduc-
tion band.21 Normal ordering of the operators is denoted
by colons (: :). The spin of the conduction band electrons
at position x can be shown to be given by
sz(x) =: c
†(x)c(x) : −1/2 (4)
where we have neglected a quickly oscillating contribu-
tion proportional to exp(2kFx), which cannot easily be
described using bosonization techniques. In the language
of Ref. 23 we are only concerned with the uniform part
of the spin susceptibility in this paper, and not the su-
perimposed Friedel oscillations. The spin of the Kondo
impurity is
Sz = d
†d− 1/2. (5)
In the sequel we are interested in the situation where
the interaction between the impurity and the conduction
band is switched on instaneously at t = 0:
H =
∑
k
k : c†kck : +θ(t)
∑
k
V (d†ck + c
†
kd). (6)
We assume that for t < 0 the new c-fermions are in
their ground state, and the impurity spin is up before
the quench. We denote this state with | ψNEQ〉. It is a
non-stationary state for the Hamiltonian (6) for t > 0.
The creation and annihilation operators have the follow-
ing expectation values in this state
〈ψNEQ | d†d | ψNEQ〉 = 1,
〈ψNEQ | dd† | ψNEQ〉 = 0,
〈ψNEQ | c†kck′ | ψNEQ〉 = nk(β)δkk′ ,
〈ψNEQ | ckc†k′ | ψNEQ〉 = (1− nk(β))δkk′
(7)
with the thermal distribution function for the electrons
at temperature T ≡ 1/β at zero chemical potential:
nk(β) =
1
1 + eβk
. (8)
3Starting from time t = 0, that is the moment of cou-
pling the impurity to the system, the conduction elec-
trons feel the perturbation. The response to the pertur-
bation is expressed via the time-dependent anticommu-
tator/commutator of the Kondo spin and the spin of the
conduction electron:
C±(x, t, tw) = 〈ψNEQ | [Sz(tw), sz(x, t+ tw)]± | ψNEQ〉
(9)
where [ , ]± denotes the anticommutator/commutator.
tw is the elapsed time from the moment of turning on
the interaction between the impurity and the conduction
band and the first measurement (waiting time), and t
is the time difference between the first and second spin
measurement.
When an infinitesimally small magnetic field in the z-
direction couples to the Kondo impurity at time tw:
HδB(τ) = H + δBSzδ(τ − tw), (10)
then the response of the conduction band electron at po-
sition x at a later time t is given by the commutator
〈ψNEQ|sz(x, t+ tw)|ψNEQ〉δB = (11)
= 〈ψNEQ|sz(x, t+ tw)|ψNEQ〉+
+ iθ(t)δB〈ψNEQ|[Sz(tw), sz(x, tw + t)]−|ψNEQ〉.
Expression (11) can be derived in the same manner as the
usual linear response formula, see for example Ref. 24.
Here we just give a brief reminder of this derivation: Let
us denote the evolution operator of the system after the
quench by U(t), and the evolution operator with the in-
finitesimally small magnetic field switched on after time
tw by UδB(t). The difference between these two operators
is δUδB(t) = U−1(t)UδB(t). It is easy to show that
dδUδB(t)
dt
= −iδB(t)Sz(t)δUδB(t). (12)
The expectation value of the conduction band electron
spin after switching on the magnetic field is
〈ψNEQ|sz(x, t+ tw)|ψNEQ〉δB =
= 〈ψNEQ|δU−1δB (t)sz(x, t+ tw)δUδB(t)|ψNEQ〉.(13)
Plugging δB(t) = δB δ(t − tw) into the equation for the
evolution operator (12) and then using (13) yields (11).
The relation (11) gives the physical interpretation of
C−(x, t, tw): it describes the linear response to a per-
turbation acting on the Kondo spin at time tw after the
initial quench. From causality we therefore expect no re-
sponse outside the light cone, that is for distances x > t.
The anticommutator in (9), on the other hand, is a sym-
metrized correlation function. It does not have such a
linear response interpretation for observables, but char-
acterizes the spread of entanglement in the system. For
fermions it is directly connected to the entanglement en-
tropy.25
The scheme for the calculation of the commuta-
tor/anticommutator (9) is the following:26
• make a unitary transformation of the non-diagonal
Hamiltonian (6) at t > 0 to its diagonal form;
• evolve the operators with the diagonal Hamilto-
nian;
• make the reverse unitary transformation to the ini-
tial operators.
This approach allows us to get a non-perturbative solu-
tion for the time evolution of the model under consider-
ation.
The detailed calculation can be found in Ref. 27, here
we only give a concise recapitulation. The Hamilto-
nian (6) for t > 0 is diagonalized by the following Bo-
golyubov transformation:
a = Add+
∑
k
Akck. (14)
We can write the diagonalized Hamiltonian as
H =
∑

a†a (15)
with the coefficients
Ad =
√
∆L
pi
∆
2 + ∆2
, Ak =
V
− k
√
∆L
pi
∆
2 + ∆2
. (16)
We consider a lattice of length L such that the values
of k are quantized. The difference between the neigh-
boring momenta is denoted by ∆L = 2pi/L. The hy-
bridization function is denoted by ∆ and defined as
∆() = pi
∑
k V
2δ( − k) = V 2L/2. From bosonization
and refermionization one can identify the parameter ∆
with the Kondo temperature via
∆ =
TK
piw
, (17)
where w ≈ 0.42 is the Wilson ratio.19,28
The dynamics of the operators a governed by the
quadratic Hamiltonian (15) is simple
a(t) = a(0) exp(−it). (18)
We arrive at the initial operators c(x) and d by making
the inverse transformation of (14). This gives us expres-
sions for the time evolution of the operators c(x, t) and
d(t). Now we can get the expressions for the commuta-
tor and anticommutator (9) by taking into account the
properties of the initial state determined by (7):
4〈ψ NEQ | [Sz(tw), sz(x, tw + t)]+ | ψNEQ〉 =
=
{
0 < x < t+ tw ∆θ(t− x)e2∆(x−t) −∆σ2(x, t, tw)
else −∆ [cβ(x− t)− sβ(x− t)− e−∆tw(cβ(x− t− tw)− sβ(x− t− tw))]2 (19)
and
〈ψNEQ | [Sz(tw), sz(x, tw + t)]− | ψNEQ〉 =
{
0 < x < t 2i∆ e∆(x−t)σ(x, t, tw)
else 0,
(20)
with the notation
σ(x, t, tw) = cβ(x− t) + sβ(x− t)− e−∆tw(cβ(x− t− tw) + sβ(x− t− tw))− 2e∆(x−t−tw)sβ(tw) (21)
where the functions cβ(x) and sβ(x) are determined as
cβ(x) =
1
pi∆2
∫ ∞
0
dk
nk(β)k cos(kt)
1 + (k/∆)2
, (22)
sβ(x) =
1
pi∆
∫ ∞
0
dk
nk(β) sin(kt)
1 + (k/∆)2
. (23)
Expressions (19) and (20) are the main formula of our
paper and contain exact results about the full spatiotem-
poral buildup of the Kondo correlations. In the following
section we will analyze their physical interpretation. Let
us already mention that for infinite waiting time tw →∞
one recovers the equilibrium behavior:15,27
lim
tw→∞
C±(x, t, tw) = C
eq
± (x, t) (24)
Clearly such an approach to equilibrium is expected for
an impurity model. Specifically, the equilibrium decay of
the correlations in the strong coupling limit16 is propor-
tional to 1/x2.
III. CORRELATION FUNCTIONS
Let us analyze the expressions for the commutator and
anticommutator (9). The commutator, C−(x, t, tw), is
zero for x > t – outside the light cone, see Eq. (20) and
Fig. 1. As discussed before this is the expected result
since the commutator has a linear response interpreta-
tion. The conduction band electrons are effectively a
relativistic system and causality leads to a finite propa-
gation speed of the perturbation. Let us also note that
the commutator at tw = 0 is zero since a perturbation
at tw = 0 will not affect the system, which is initially
prepared in an eigenstate of Sz. The further growth of
the response is proportional to tw at small waiting times,
tw  1. This follows directly from the expressions (20).
We show the full spatiotemporal dependence of the com-
mutator in Fig. 2.
Now let us look at the equal time anticommutator,
C+(x, t = 0, tw). This describes the correlations between
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FIG. 1: The dependence of the commutator on the dis-
tance from the impurity at fixed waiting time tw = 1 and
time difference between the measurements t = 1.5 for differ-
ent temperatures. | C−(x, t = 1.5, tw = 1) | is plotted for
β = ∞ (black line), β = 5 (blue line), β = 1 (green line),
β = 0.5 (red line). All quantities are measured in units of ∆
corresponding to the Kondo temperature according to (17).
Notice that the commutator is strictly zero outside the light
cone.
the impurity spin and some spatially separated electron
spin at the same moment of time (t = 0). The commu-
tator was identically zero for such spatiotemporal config-
urations due to causality. However, the anticommutator
is non-zero, compare Figs. 3 and 5. Notice that the an-
ticommutator is not measurable in a single experiment
(it does not have a linear response interpretation), hence
there is no contradiction with the causality principle. C+
can be determined as a statistical property, for example,
by weak measurements of the conduction band spin at
point x and the impurity spin.
Notice that now a light cone can be seen at x = tw:
C+(x, t = 0, tw) has a peak (actually a divergence) for
x = tw. The divergence is nonphysical. We ascribe its
presence to the assumption that the coupling between the
impurity and the conduction band does not depend on
the momentum. In a realistic system this coupling decays
for large values of momentum, leading to a finite value of
C+ at x = tw. The correlations are largest on the light
cone itself since this point just represents the ballistic
spin transport away from the impurity. One can see this
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FIG. 2: The spatiotemporal behavior of the response func-
tion (commutator), | C−(x, t, tw = 1) |, (A) at zero and (B)
non-zero temperature (∆ = 1). We clearly see the light cone:
the commutator vanishes exactly outside the light cone due
to causality.
C
FIG. 3: The dependence of the equal time anticommutator,
| C+(x, t = 0, tw = 1.5) |, on the distance from the impurity
for fixed waiting time tw = 1.5 for different temperatures:
β = ∞ (black line), β = 5 (blue line), β = 1 (green line),
β = 0.5 (red line) (always ∆ = 1). One clearly sees a light
cone like peak at x = tw. For zero temperature (β =∞) the
correlations decay with a power law outside the light cone.
For high temperatures (β = 1, β = 0.5) the decay is expo-
nential consistent with the asymptotic expression (27). For
intermediate temperature, β = 5, there is a crossover between
a power law decay (close to the light cone) and an exponential
decay (far away from the light cone).
nicely from the expectation value of the conduction band
A
B
FIG. 4: Schematic representation of the spread of correla-
tions for a state with initial long range entanglement (A) vs.
one with short range entanglement (B). Correlations spread
via quasiparticles inside the light cone, while outside the light
cone correlations build up via the initial entanglement. Solid
circles are lattice sites, smeared circles denote the entangle-
ment between the lattice sites.
electron spin after the quench according to (9)
〈ψNEQ|sz(x, t)|ψNEQ〉 = C+(x, t, tw = 0) = (25)
=
{
0 < x < t 12 e
2∆(x−t)
else 0
(26)
The transport of spin to spatial infinity is represented in
Fig. 6 where the value 〈sz(x)〉 is shown for different times.
This spin transport to infinity is essential for the forma-
tion of the Kondo singlet ground state at large times.
Outside the light cone (for x > tw) the correlations
decay either with a power law (zero temperature), or ex-
ponentially (non-zero temperature). One can interpret
the light cone in C+(x, t = 0, tw) as showing the spread
of correlations in the system: Initially there are no cor-
relations between the impurity spin and the conduction
band (1), but after the quench quasiparticles carry the
information about the perturbation to other parts of the
system.
The non-vanishing correlations outside the light cone
for tw > 0 are ascribed to the initial entanglement of
the electrons in the bath. Notice that while |FS〉 is not
entangled in the momentum representation, in the co-
ordinate representation it is entangled. Inside the light
cone the correlations spread via quasiparticles, while the
tails outside the light cone result from the initial entan-
glement in the system. This is schematically depicted in
Fig. 4. Essentially, for any nonzero waiting time the im-
purity spin becomes entangled with the conduction band
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FIG. 5: The spatiotemporal behavior of the correlation func-
tion (anticommutator), | C+(x, t = 0, tw) |, at zero (A) and
non-zero (B) temperature (∆ = 1). One clearly observes the
light cone structure for x = t. Outside the light cone the
decay of the correlation function is power law like at zero
temperature, while at non-zero temperature C+ decays expo-
nentially.
t=1 t=2 t=3
1 2 3 4 x
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0.3
0.4
0.5
<sHx L>
FIG. 6: The expectation value of the conduction band elec-
tron spin (25) at different times clearly exhibits the light-cone
effect.
spin localized at the impurity site, which in turn is al-
ready entangled with conduction band spins far away due
to the structure of |FS〉. This immediately (for infinitesi-
mal tw > 0) leads to entanglement between the impurity
spin and far away conduction band spins resulting in the
tails outside the light cone, which therefore do not violate
any causality condition. Similar behavior has also been
seen in Ref. 18.
The decay of C+(x, t = 0, tw) outside the light cone
is well described by the following asymptotic expressions
(see appendix A for the derivation): For β∆  1 one
finds
C+(x, t = 0, tw) ≈ ∆
[
2
pi
(
1 + β∆pi
)]2
[
1−
(
β∆
pi
)2]2 exp
(
−2(x− tw)pi
β
)
(exp (−tw(pi/β))− exp(−tw∆))2 +O
(
exp
(
−3twpi
β
))
(27)
which shows an exponential decay as a function of dis-
tance. On the other hand, at zero temperature the decay
is power-law-like proportional to x−2
C+(x, t = 0, tw) ≈ 1
pi2∆
(
− e
−2tw∆
(x− tw)2 +
2e−tw∆
(x− tw)x −
1
x2
)
.
(28)
The different decay behavior comes from the different be-
havior of the correlations in a Fermi gas: at zero tempera-
ture the correlations in the ground state decay as a power
law, while for non-zero temperature the correlations are
decaying exponentially. So effectively the temperature
reduces the entanglement of the ground state. Coming
back to Fig. 3, we can see the absolute value of the anti-
commutator C+(x, t = 0, tw = const.) for different tem-
peratures. We clearly see that the behavior outside the
light cone indeed approaches the asymptotics given by
Eqs. (27) and (28).
In Fig. 7 the equal-time correlation function for dif-
ferent waiting times is depicted on a logarithmic scale.
The dip in the plots of | C+(x, t) | represents a zero of
the correlation function. Close to the impurity there are
antiferromagnetic correlations indicating the buildup of
the Kondo screening cloud as depicted in Fig. 7. One
sees how one approaches the equilibrium Kondo screen-
ing cloud for tw =∞.
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FIG. 7: Buildup of the Kondo screening cloud: C+(x, t) for
different waiting times, tw = 1.5 (blue), tw = 3.0 (green),
tw =∞ (black dashed).
Let us finally look at the spatiotemporal structure of
the non-equal time correlation function (that is the an-
ticommutator) in Fig. 8. One finds a double light-cone
structure: One light cone starts from x = tw, t = 0 and
represents the spread of the correlations via the quasi-
particles coming from the initial coupling of the impurity
spin to the conduction band, that is the spin transport to
infinity. The second light cone starts at x = 0, t = 0 and
shows the correlations due to the first spin measurement
at tw.
IV. CONCLUSIONS
We have investigated the time and space dependence
of the spin correlation functions at the exactly solvable
Toulouse point of the Kondo model. Using bosonization
and refermionization techniques, we have been able to
obtain exact analytical results for these correlation func-
tions starting from an initially unentangled product state
(1).
In our results we have seen a clear difference between
the commutator (susceptibility) and the anticommutator
of the impurity spin and the conduction electron spin.
The commutator is related to the response to a perturba-
tion (11) and vanishes exactly outside the effective light
cone. On the other hand, while the equal-time correla-
tor (anticommutator) also exhibits a light cone structure,
it also develops tails outside the light cone. The light
cone itself develops due to the propagation of quasipar-
ticles originating from the initial perturbation. Outside
the light cone, the entanglement which is already present
in the uncoupled Fermi gas assists the buildup of cor-
relations, see Fig. 4. Indeed, temperature decreases the
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FIG. 8: The non-equal time correlation function (depicted
for tw = 1) exhibits a double light-cone structure: One light
cone starts from x = 1, t = 0 and represents the spread of
the correlations via the quasiparticles coming from the initial
coupling of the impurity spin to the conduction band, that is
the spin transport to infinity. The second light cone starts at
x = 0, t = 0 and shows the correlations due to the first spin
measurement at tw = 1. The color scheme is the same as in
Fig. 3.
initial entanglement in the system, therefore for T > 0
the tails decay exponentially as opposed to algebraically
∝ x−2 at zero temperature.
Notice that the buildup of correlations outside the light
cone does not contradict causality. The resolution of the
apparent paradox – there are non-zero correlations out-
side the light cone – comes from the understanding of
the measurement of the correlation function. The cor-
relation function is a statistical property of the system.
To determine it, one needs to know simultaneously both
the values of the impurity spin and the spin of the elec-
tron in the conduction band. Non-zero correlations out-
side the light cone can exist, but this does not imply the
spread of information with superluminal velocities. Simi-
lar paradoxes appeared and were resolved in other quan-
tum systems, both entangled (for example, the famous
Einstein-Podolsky-Rosen paradox29) and non-entangled
(for example, the Hartman effect – apparent superlumi-
nal propagation under the tunnel barrier30,31).
Let us finally discuss the connection between our re-
sults and Lieb-Robinson bounds.5 Initially, the Lieb-
Robinson bounds were formulated for the non-equal time
commutator of two spins in a lattice model: this commu-
tator is exponentially small outside the light cone.3 One
8can use this to show that even in a non-relativistic the-
ory the speed of the propagation of information is limited
by the Lieb-Robinson bound.4,6 In our model this state-
ment is obvious since we have an effectively relativistic
theory and the commutator is exactly zero outside the
light cone. The fact that the equal time correlation func-
tion (anticommutator) at zero temperature has an alge-
braic tail outside the light cone in our model is not in
contradiction to Lieb-Robinson bounds: Without addi-
tional assumptions these do not make statements about
equal time correlation functions. Generalizations of the
Lieb-Robinson bounds that are applicable to our situa-
tion make the assumption of short-range entanglement in
the initial state.4 However, precisely this condition is vi-
olated in the Fermi gas part of our initial state (1), which
in turn is responsible for the algebraic tail found in (28).
An interesting issue to be addressed in future work is a
comparison of the spread of entanglement (which can be
connected to the anticommutator for a fermionic system)
in a relativistic and non-relativistic conduction band.
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Appendix A: Asymptotic estimates for β  t
FIG. 9: The contour of integration for the functions (A1)-
(A4).
We would like to derive the asymptotic behavior of
the functions cβ(t) and sβ(t) determined by Eqs. (22)
and (23).
To do this, let us first consider the functions:
e+β (t) =
∫ ∞
−∞
dk
exp(ikt)
(k/∆)2 + 1
1
1 + exp(βk)
, (A1)
e−β (t) =
∫ ∞
−∞
dk
exp(ikt)
(k/∆)2 + 1
1
1 + exp(−βk) . (A2)
They are defined so that s = (e+ − e−)/2i. We define
also the functions:
l+β (t) =
∫ ∞
−∞
dk
k exp(ikt)
(k/∆)2 + 1
1
1 + exp(βk)
, (A3)
l−β (t) =
∫ ∞
−∞
dk
k exp(ikt)
(k/∆)2 + 1
1
1 + exp(−βk) . (A4)
Their combination leads to c = (l+ − l−)/2.
The function under the integral, f(k) =
1
1+exp(βk)
exp(ikt)
(k/∆)2+1 or f(k) =
1
1+exp(βk)
k exp(ikt)
(k/∆)2+1 , has poles
on the imaginary axis: k∆ = ±i∆, kn = ipi(2n + 1)/β,
where n is an integer number. Let us consider the
parameter t > 0. We consider the contour γ in the
upper half-plane, Fig. 9, which goes along a quarter of
the circle starting from |k| = R, R −→ ∞, then along
the imaginary axis down along Re(k) = 0 + δ, then goes
around the pole which is closest to the real axis and
then goes up along the imaginary axis at Re(k) = 0− δ,
continues as a quarter circle, and then goes to 0 + iδ
along the real axis. The function f decays uniformly on
the quarter-circles at infinity, hence the integrals along
the quarter-circles for R −→ ∞ tend to 0. Therefore,
the integral along the real axis is equal to the sum of the
residues of the poles:∫ ∞
−∞
f(k)dk =
∮
γ
f(k)dγ = 2pii
∑
n
(Resknf(k) + Resk∆f(k))
(A5)
Calculating the values of the residues for k = i∆ gives
(first the value for the function e is given, then for l):
r+∆|e,l = 2pii
∆ exp(−t∆)
2i
1
1 + exp(iβ∆)
, (A6)
2pii
i∆2 exp(−t∆)
2i
1
1 + exp(iβ∆)
(A7)
r−∆|e,l = 2pii
∆ exp(−t∆)
2i
1
1 + exp(−iβ∆) , (A8)
2pii
i∆2 exp(−∆t)
2i
1
1 + exp(−iβ∆) (A9)
which adds up to
1
pi∆
r∆,s =
1
pi∆
r+e − r−e
2i
= −exp(−t∆)
2
tan
β∆
2
, (A10)
1
pi∆2
r∆,c =
1
pi∆2
r+l − r−l
2
=
exp(−t∆)
2
tan
β∆
2
(A11)
Notice that the residues for c and s are connected by
r−1,c =
dr−1,s
dt (the same relation holds for the functions
itself, c∆ = dsdt ).
The calculation of the residues at kn = ipi(2n+1)/β ≡
iκn gives:
r+n|e,l = −
2pii
β
exp(−tκn)
−(κn/∆)2 + 1 ,
2pi
β
κn exp(−tκn)
−(κn/∆)2 + 1 (A12)
9r−n|e,l =
2pii
β
exp(−tκn)
−(κn/∆)2 + 1 ,−
2pi
β
κn exp(−tκn)
−(κn/∆)2 + 1 (A13)
and summing them up gives:
rn,s =
r+n|e − r−n|e
2i
= −2pi
β
exp(−tκn)
−(κn/∆)2 + 1 (A14)
rn,c =
r+n|l − r−n|l
2
= 2
pi
β
κn exp(−tκn)
−(κn/∆)2 + 1 (A15)
The general expression (A5) and the values of the
residues (multiplied by 2pii) (A10,A11,A14,A15) lead to
precise expressions for cβ(t) and sβ(t). Let us first
look at the asymptotic expression of these functions for
high temperature β∆  1. In this case the poles of
1/(1 + exp(βk)) lie much further from the real axis com-
pared to the pole at i∆. The leading term of the sum
corresponds to the pole at i∆, in the subleading terms we
expand the fraction 1−(κn/∆)2+1 . For the function sβ(t)
we get:
sβ1 ≈ 1
pi∆
[
pi exp(−t∆)
2
tan
β
2
+
2β∆2
pi
∑
n=0,...
exp(−tκn)
(2n+ 1)2
+
2β3∆4
pi3
∑
n=0,...
exp(−tκn)
(2n+ 1)4
+ ∆O
(
(β∆)5
)]
. (A16)
The summation for the first subleading term with exp
(
− tpiβ
)
is given by
2β∆2
pi
exp
(
− tpi
β
)(
1 +
β2∆2
pi2
+
β4∆4
pi4
+ . . .
)
=
2β∆2
pi
exp
(
− tpi
β
)
1
1− β2∆2/pi2 (A17)
and for the second subleading term is
2β∆2
9pi
exp
(
−3tpi
β
)(
1 +
β2∆2
9pi2
+
β4∆4
92pi4
+ . . .
)
=
2β∆2
9pi
exp
(
−3tpi
β
)
1
1− β2∆2/9pi2 (A18)
etc. Therefore the corrections to the leading term tan(β/2) exp(−t∆)2∆ are of the form∑
n=0,...
2β
(2n+ 1)2pi
exp(−(2n+ 1)tpi/β) 1
1− β2∆2/(2n+ 1)2pi2 .
The same expressions divided by the factor β/pi are valid
for the function cβ(t) . Let us note that this result cor-
responds with the relation c∆ = dsdt .
The asymptotic expansions with leading and one sub-
leading term for the functions cβ(t) and sβ(t) are
sβ(t) ≈ −exp(−t∆)
2
tan
β∆
2
+
2β∆
pi2
exp
(
− tpi
β
)
1
1− β2∆2/pi2
(A19)
cβ(t) ≈ exp(−t∆)
2
tan
β∆
2
− 2
pi
exp
(
− tpi
β
)
1
1− β2∆2/pi2 .
(A20)
Combination of the asymptotic expressions for cβ(t)
and sβ(t) leads us to the asymptotic expression for the
anticommutator S+(x, t), Eq.(19).
Appendix B: Expansion for T=0
For the case T = 0 we analyze the same expressions
(A10,A11,A14,A15), performing the summation in (A5)
in the limit β → ∞. This leads us to the asymptotic
expressions for s(t) and c(t):
s(t) =
1
tpi2∆
(
1 +
2
t2∆2
+O
(
1
t4∆4
))
, (B1)
c(t) =
1
t2pi2∆2
(
1 +
6
t2∆2
+O
(
1
t4∆4
))
. (B2)
The equal-time anticommutator outside the light cone at
zero temperature (28) follows directly from these expres-
sions.
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